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In this paper we study spaces of mappings A : K K satisfying Ax x for all
x F, where K is a closed convex subset of a hyperbolic complete metric space
and F is a closed convex subset of K. These spaces are equipped with natural
Ž .complete uniform structures. We study the convergence of powers of F -attracting
Ž .mappings as well as the convergence of infinite products of uniformly F -attract-
Ž .ing sequences and show that if there exists an F -attracting mapping, then a
Ž .generic mapping is also F -attracting. We also consider a finite sequence of
subsets F  K , i 1, . . . , n, with a nonempty intersection F and a certain regular-i
Ž .ity property and show that if each mapping A is F -attracting, i 1, . . . , n, theni i
Ž .their product and convex combinations are F -attracting.  2001 Academic Press
Key Words: Banach space; fixed point set; generic property; hyperbolic space;
infinite product; nonexpansive mapping; uniform space.
INTRODUCTION
In many problems of applied and pure mathematics one encounters a
family of operators and their fixed point sets. It is then of interest to study
the possible convergence of infinite products of operators drawn from this
Žfamily to retractions onto the intersection of these fixed point sets which
.  is assumed to be nonempty . See, for example, 2, 3, 5 and the references
mentioned there. Much of the literature so far has been devoted to the
case when the fixed point sets are closed convex subsets or subspaces of
Banach spaces.
In this paper we study spaces of self-mappings A of a closed convex
Ž . Žsubset K of a hyperbolic complete metric space X,  . Note that all
.Banach spaces are hyperbolic. All the operators in a given space share the
same fixed point set F K. They also share, roughly speaking, the
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Ž  .following property cf. 2, p. 372 :
 Ax , y   x , y for each x K  F and each y F .Ž . Ž .
Ž .As a matter of fact, our F -attracting operators satisfy a strengthened
Ž .version of this condition see the definition below .
These spaces are equipped with natural complete uniform structures.
Ž .We study the convergence of powers of F -attracting mappings as well as
Ž .the convergence of infinite products of uniformly F -attracting sequences
Ž .and show that if there exists an F -attracting mapping, then a generic
Ž .mapping is also F -attracting. In addition we consider a finite sequence of
subsets F  K , i 1, . . . , n, with a nonempty intersection F and a certaini
Ž .regularity property and show that if each mapping A is F -attracting,i i
Ž .i 1, . . . , n, then their product and convex combinations are F -attract-
ing.
The paper is organized as follows. In Section 1 we discuss hyperbolic
Ž .spaces, introduce uniformly F -attracting sets of mappings, and provide
some examples. In Section 2 we establish some simple properties of
Ž .  4nF -attracting mappings. In Section 3 we consider a finite set A ofi i1
Ž .operators such that each A is F -attracting where F  K and thei i i
intersection Fn F is nonempty. We show that the set of convexi1 i
combinations of these operators and the set of all their random products
Ž . Ž .are uniformly F -attracting. In Section 4 we show that if an F -attracting
Ž .mapping exists, then a generic operator is also F -attracting. In Sections 5
Ž .and 6 we establish the convergence of a uniformly F -attracting sequence
of operators to a retraction onto F. In Section 7 we construct an interest-
Ž . p  .ing example of an F -attracting mapping in all L spaces with p 1, .
Ž .We conclude the paper Section 8 with the observation that a norm
 convergence result for random products established by Bauschke 1 in
Hilbert space actually holds in any complete hyperbolic space.
Ž . Ž .Thus we see that F -attracting mappings and uniformly F -attracting
sets have the following important properties.
Ž .If there exists an F -attracting mapping for a given F K , then a
Ž . Ž .generic mapping is also F -attracting Theorem 4.1 .
An infinite product of a sequence of mappings which has a uniformly
Ž . Ž .F -attracting subsequence converges to a retraction Theorem 5.1 .
Ž .If each mapping A is F -attracting, i 1, . . . , n, and the intersectioni i
Fn F is nonempty, then the convex feasibility problem for F can bei1 i
solved by iterating either products or convex combinations of the mappings
Ž .A , i 1, . . . , n Theorems 5.2 and 5.3 .i
We emphasize that all our results are new even in Banach spaces.
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1. HYPERBOLIC SPACES
Ž .AND F -ATTRACTING MAPPINGS
Ž . 1Let X,  be a metric space and let R denote the real line. We say
that a mapping c : R1 X is a metric embedding of R1 into X if
Ž Ž . Ž ..   1 c s , c t  s t for all real s and t. The image of R under a metric
embedding will be called a metric line. The image of a real interval
   1 4a, b  t R : a	 t	 b under such a mapping will be called a metric
segment.
Ž .Assume that X,  contains a family M of metric lines such that for
each pair of distinct points x and y in X there is a unique metric line in
M which passes through x and y. This metric line determines a unique
 metric segment joining x and y. We denote this segment by x, y . For
 each 0	 t	 1 there is a unique point z in x, y such that
 x , z  t x , yŽ . Ž .
and
 z , y  1 t  x , y .Ž . Ž . Ž .
Ž .This point will be denoted by 1 t x
 ty. We will say that X, or more
Ž .precisely X, , M , is a hyperbolic space if
1 1 1 1 1 x
 y , x
 z 	  y , zŽ .Ž .2 2 2 2 2
for all x, y, and z in X. An equivalent requirement is that
1 1 1 1 1 x
 y , w
 z 	  x , w   y , zŽ . Ž .Ž .Ž .2 2 2 2 2
 for all x, y, z, and w in X. A set K X is called -convex if x, y  K for
all x and y in K.
It is clear that all normed linear spaces are hyperbolic. A discussion of
more examples of hyperbolic spaces and in particular of the Hilbert ball
 can be found, for example, in 6, 8, 9, 11 and in references therein.
Ž .Assume that X,  is a hyperbolic complete metric space and K is a
closed -convex subset of X. Denote by A the set of all continuous
mappings A : K K. Denote by A the set of all A A which areu
uniformly continuous on bounded subsets of K and by A the set of allne
A A such that
 Ax , Ay 	  x , y for all x , y K . 1.1Ž . Ž . Ž .
In other words, the set A consists of all the nonexpansive self-mappingsne
of K. Nonexpansive mapping theory has flourished during the last 35 years
 with many results and applications. See, for example, 2, 3, 7, 8 and the
references mentioned there.
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Ž .  Ž . 4For each x K and each E K set  x, E  inf  x, y : y E .
For each x K and each r 0 set
B x , r  y K :  x , y 	 r . 1.2 4Ž . Ž . Ž .
Fix  K. For the set A we consider the uniformity determined by the
base
E n ,   A , B  A A :  Ax , Bx 	  , x B  , n , 1.3 4Ž . Ž . Ž . Ž . Ž .
where  0 and n is a natural number. The space A with this uniformity
is metrizable and complete. For the space A we consider the topology
induced by this uniformity. Clearly this topology does not depend on our
choice of  . The sets A and A are closed subsets of A. We equip theu ne
topological subspaces A and A  A with the relative topology.u ne
Let F be a nonempty closed -convex subset of K. Denote by A Ž F . the
set of all A A such that
Ax x for all x F and
1.4Ž .
 Ax , y 	  x , y for all x K and all y F .Ž . Ž .
Clearly A Ž F . is a closed subset of A. Set
A Ž F . A Ž F . A and A Ž F . A Ž F . A .u u ne ne
Once again, we equip the topological subspaces A Ž F ., A Ž F ., and A Ž F . Au ne
with the relative topology.
We may assume that  F. Then for each r 0,
C B  , r  B  , r for all C A Ž F . . 1.5Ž . Ž . Ž .Ž .
Ž F . Ž . Ž  .A mapping A A is called weakly F -attracting cf. 2, p. 372 if
 Ax , y   x , y for each x K  F and each y F . 1.6Ž . Ž . Ž .
Ž F . Ž .Clearly if A A is weakly F -attracting, then the fixed point set of A,
 4x K : Ax x , coincides with F.
Ž F . Ž .Let  F. A set of mappings M A is called uniformly F -attract-
Ž .ing with respect to  w.r.t.  for short if for each natural number n there
 .  exists an increasing function  : 0,  0, 1 such thatn
 t  0, t 0, ,  0  0 1.7Ž . Ž . Ž . Ž .n n
and
 x ,    Ax ,     x , F 1.8Ž . Ž . Ž . Ž .Ž .n
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Ž .for each x B  , n  F and each A M. Clearly this definition of a
Ž . Ž .uniformly F -attracting with respect to  set of mappings does not
depend on our choice of  .
Ž F . Ž .A mapping A A is called F -attracting with respect to  if the
 4 Ž .singleton A is uniformly F -attracting with respect to  .
Ž . Ž .It is easy to verify that our definition of an F -attracting w.r.t. 
Ž .mapping is equivalent to the notion of a projective w.r.t.  mapping
 introduced in 1 .
Ž . Ž .For examples of F -attracting w.r.t.  mappings in Hilbert space see
 1; 2, p. 373 . For a class of examples in any uniformly convex Banach
space X, consider a nonexpansive retraction P : X F. If 0 t 1, then
Ž .the averaged mapping T 1 t I tP is strongly nonexpansive in the
  Ž .sense of 4 and hence F -attracting w.r.t. all  F. Other examples of
Ž .F -attracting mappings will be presented in the sequel.
2. THREE PROPOSITIONS
Ž . Ž .For each A, B A and each  0, 1 define A
 1  B A by
A
 1  B x  Ax
 1  Bx , x K .Ž . Ž . Ž .Ž .
Let F K be nonempty, closed, and -convex, and let  belong to F.
Ž .PROPOSITION 2.1. Let  0, 1 and let A, B A. The following asser-
tions are alid.
Ž . Ž .1 If A, B A , then A
 1  B A .u u
Ž . Ž .2 If A, B A , then A
 1  B A .ne ne
Ž . Ž F . Ž . Ž F .3 If A, B A , then A
 1  B A .
Ž . Ž F . Ž . Ž F .4 If A, B A , then A
 1  B A .u u
Ž . Ž F . Ž . Ž F .5 If A, B A , then A
 1  B A .ne ne
Ž . Ž F . Ž .PROPOSITION 2.2. Let  0, 1 , A, B A , and let A be F -attract-
Ž . Ž .ing w.r.t.  . Then BA and A
 1  B are also F -attracting w.r.t.  .
Proof. We recall our assumption that  F. For each integer n 1
A  .  there exists an increasing function  : 0,  0, 1 such thatn
 A t  0, t 0, ,  A 0  0 2.1Ž . Ž . Ž . Ž .n n
and
 x ,    Ax ,    A  x , F 2.2Ž . Ž . Ž . Ž .Ž .n
Ž .for each x B  , n  F.
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Ž . Ž . Ž .Let n 1 be an integer and x B  , n  F. By 2.2 and 1.4 ,
 x ,    BAx ,    x ,    Ax ,    A  x , F .Ž . Ž . Ž . Ž . Ž .Ž .n
Ž .Therefore BA is also F -attracting w.r.t.  .
Ž . Ž .Now we will show that A
 1  B is F -attracting w.r.t.  . Let
Ž . Ž . Ž .n 1 be an integer and x B  , n  F. By 2.2 and 1.4 ,
 A
 1  B x , Ž .Ž .Ž .
  Ax
 1  Bx , Ž .Ž .
	  Ax ,   1   Bx ,  	   x ,    A  x , FŽ . Ž . Ž . Ž . Ž .Ž .Ž .n
 1   x ,  ,Ž . Ž .
 x ,    A
 1  B x ,    A  x , F .Ž . Ž . Ž .Ž . Ž .Ž . n
Ž . Ž .Therefore A
 1  B is F -attracting w.r.t.  . Proposition 2.2 is
proved.
Ž .For each  0, 1 and each A, B A we have already defined  A

Ž .1  B. By induction we now define
 A 
 			
 			  A ,1 1 n n
where A  A,   0, i 1, . . . , n, and Ýn   1, as follows:i i i1 i
 A 
 			
  A 
  A1 1 n n n1 n1
1 1 1   1  A 
 			
  1  AŽ . Ž . Ž .n1 1 n1 1 n n1 n

  A .n1 n1
The last proposition in this section is a slight extension of 2, Proposition
2.10 .
PROPOSITION 2.3. Assume that n is a natural number, F is a nonemptyi
closed -conex subset of K , i 1, . . . , n, n F , and A  A Ž Fi. isi1 i i
Ž .weakly F -attracting, i 1, . . . , n. Theni
Ž . i1Fi Ž n .1 A 	 			 	 A  A is weakly  F -attracting.n 1 i1 i
Ž . n2 For each   0, i 1, . . . , n, satisfying Ý   1, the operatori i1 i
i1Fi Ž n . A 
 			
  A  A is weakly  F -attracting.1 1 n n i1 i
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3. PRODUCTS AND CONVEX COMBINATIONS
Ž .OF F -ATTRACTING MAPPINGS
Let n be a natural number and let F , i 1, . . . , n, be nonempty closedi
-convex subsets of K such that Fn F . Assume that thei1 i
Ž  .following regularity property holds cf. 3, p. 10 .
For each real r 0 and each  0 there exists 
 0 such that
Ž . Ž . Ž . x, F 	  for each x B  , r satisfying max  x, F 	 
 .i1, . . .,n i
Let  F.
Ž Fi. Ž .THEOREM 3.1. Assume that A  A is F -attracting w.r.t.  , ii i
Ž 1 .1, . . . , n, and  0, n . Then the set
n
M   A 
 			
  A :   , i 1, . . . , n and   1Ýc 1 1 n n i i½ 5
i1
Ž .is uniformly F -attracting w.r.t.  .
Proof. We may assume that   . For each i 1, . . . , n, and each
i  .  natural number q there exists an increasing function  : 0,  0, 1q
such that
 i t  0 for all t 0, ,  i 0  0 3.1Ž . Ž . Ž . Ž .q q
and
 x ,    A x ,    i  x , F 3.2Ž . Ž . Ž . Ž .Ž .i q i
Ž .for each x B  , q  F .i
Ž .Let q be a natural number and  0, 1 . To prove the theorem it is
sufficient to show that there is a number  0 such that
 x ,    Ax ,    for each A MŽ . Ž . c
and each x B  , q  F satisfying  x , F   . 3.3Ž . Ž . Ž .
Ž 1 .Indeed, there exists a number 
 0, 2  such that
 x , F 	 21 3.4Ž . Ž .
if
x B  , q and max  x , F 	 
 . 3.5Ž . Ž . Ž .i
i1, . . . , n
Assume that
A M , x B  , q  F , and  x , F   . 3.6Ž . Ž . Ž .c
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By the definition of M , there exist real numbers  , i 1, . . . , n, suchc i
that
n
  , i 1, . . . , n ,   1, and A  A 
 			
  A .Ýi i 1 1 n n
i1
3.7Ž .
Ž Ž . Ž .. Ž .By the definition of 
 see 3.4 and 3.5 , max  x, F  
 .i1, . . .,n i
 4Therefore there exists j 1, . . . , n such that
 x , F  
 . 3.8Ž .Ž .j
Ž . Ž . Ž . Ž .By 3.8 , 3.6 , 3.2 , and 3.7 ,
n
 Ax ,  	   A x , Ž . Ž .Ý i i
i1
n
	   x ,     x ,     A x , Ž . Ž . Ž .Ý i j j j
i1
	  x ,     x ,    A x , Ž . Ž . Ž .Ž .j j
	  x ,     j  x , FŽ . Ž .Ž .j q j
	  x ,    j 
 	  x ,    min  i 
 .Ž . Ž . Ž . Ž . 4q q
i1, . . . , n
Ž .  i Ž .4Therefore 3.3 is true with  min  
 . This concludes thei1, . . . ,n q
proof of Theorem 3.1.
Ž Fi. Ž .THEOREM 3.2. Assume that A  A is F -attracting w.r.t.  , ii i
1, . . . , n, and let N n be an integer. Then the set
M  A 	 			 	 A : r is a surjectie mapping fromp r Ž N . r Ž1.
 4  41, . . . , N onto 1, . . . , n 4
Ž .is uniformly F -attracting w.r.t.  .
Proof. We may assume that   . For all i 1, . . . , n, and each
i  .  natural number q there exists an increasing function  : 0,  0, 1q
such that
 i t  0 for all t 0, ,  i 0  0 3.9Ž . Ž . Ž . Ž .q q
and
 x ,    A x ,    i  x , F 3.10Ž . Ž . Ž . Ž .Ž .i q i
Ž .for each x B  , q  F .i
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Ž .Let q be a natural number and let  0, 1 . To prove the theorem it is
sufficient to show that there is a number  0 such that
 x ,    Ax ,    for each A MŽ . Ž . p
and each x B  , q  F satisfying  x , F   . 3.11Ž . Ž . Ž .
Ž 1 .Indeed, there exists a number 
 0, 2  such that
 x , F 	 21 3.12Ž . Ž .
if
x B  , q and max  x , F 	 
 . 3.13Ž . Ž . Ž .i
i1, . . . , n
Choose
1

  0, 8 N 8 
 . 3.14Ž . Ž .Ž .0
Assume that
A M , x B  , q  F , and  x , F   . 3.15Ž . Ž . Ž .p
 4  4There exists a mapping r : 1, . . . , N  1, . . . , n such that
 4A A 	 			 	 A and r i : i 1, . . . , N  1, . . . , n . 4Ž .r Ž N . r Ž1.
3.16Ž .
Ž . Ž Ž . Ž ..By 3.15 and the definition of 
 see 3.12 and 3.13 ,
max  x , F  
 . 3.17Ž . Ž .i
i1, . . . , n
Set
y  x and y  A 	 			 	 A x , i 1, . . . , N. 3.18Ž .1 i1 r Ž i. r Ž1.
Clearly
N
 x ,    Ax ,    y ,    y ,  . 3.19Ž . Ž . Ž . Ž . Ž .Ý i i1
i1
Ž . Ž . Ž . Ž .There are two cases: 1 max  y , F  
 ; 2  y , F  
 ,i1, . . ., N i r Ž i. 0 i r Ž i. 0
i 1, . . . , N. We will show that the second case is impossible. Assume that
 y , F  
 , i 1, . . . , N. 3.20Ž .Ž .i r Ž i. 0
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Ž .There is z  F such that  y , z  
 . Then1 r Ž1. 1 1 0
 y , y   y , A yŽ . Ž .1 2 1 r Ž1. 1
	  y , z   z , A z   A z , A y  2
 .Ž . Ž . Ž .1 1 1 r Ž1. 1 r Ž1. 1 r Ž1. 1 0
Ž . Ž . Ž . Ž .Combining this with 3.17 , 3.20 , 3.18 , and 3.14 we see that
N 2 and max  y , F : i 2, . . . , N  
 2
 . 4Ž .2 r Ž i. 0
 Now assume that an integer j belongs to 2, N and that
max  y , F : i j, . . . , N  
 2 j 1 
 . 3.21Ž . Ž . 4Ž .j r Ž i. 0
Ž . Ž . Ž . Ž .Note that for j 2 this assumption is true. By 3.21 , 3.20 , and 3.14 ,
 N j, j 1 2, N . 3.22Ž .
Ž . Ž .By 3.20 there exists z  F such that  z , y  
 . Thenj r Ž j. j j 0
 y , y   A y , yŽ . Ž .j1 j r Ž j. j j
	  A z , z   y , z   A z , A y  2
 .Ž .Ž . Ž .r Ž j. j j j j r Ž j. j r Ž j. j 0
Ž . Ž . Ž .By this inequality, 3.21 , 3.20 , and 3.22 ,
max  y , F : i j 1, . . . , N  
 2 j
 . 4Ž .j1 r Ž i. 0
Thus the assumption we made for j also holds for j 1. This implies that
this assumption is true for all natural numbers j 2, a contradiction.
Therefore the second case is indeed impossible and there is a natural
 number j 1, N for which
 y , F  
 . 3.23Ž .Ž .j r Ž j. 0
Ž . Ž . Ž .Now 3.15 , 3.18 , and 1.5 imply that
y  B  , q , i 1, . . . , N 1. 3.24Ž . Ž .i
Ž . Ž . Ž . Ž . Ž .By 3.18 , 3.19 , 3.24 , 3.23 , and 3.10 ,
 x ,    Ax ,    y ,    y ,    y ,    A y , Ž . Ž . Ž . Ž . Ž . Ž .j j1 j r Ž j. j
  r Ž j.  y , F   r Ž j. 
Ž .Ž .Ž .q j r Ž j. q 0
min  i 
 : i 1, . . . , n .Ž . 4q 0
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Ž .Thus we have shown that if 3.15 holds, then
 x ,    Ax ,  min  i 
 : i 1, . . . , n .Ž . Ž . Ž . 4q 0
Ž .  Ž . 4Therefore 3.11 is true with min  
 : i 1, . . . , n and Theoremi q 0
3.2 is proved.
4. A GENERIC RESULT
Let F be a nonempty closed -convex subset of K. In this section we
Ž .show that if there is at least one F -attracting mapping w.r.t.  F, then
there is an abundance of such mappings.
Ž F . Ž .THEOREM 4.1. Assume that  F and that P A is F -attracting
w.r.t.  . Then there exists a set F A Ž F . which is a countable intersection of
Ž F . Ž .open eerywhere dense sets in A such that each A F is F -attracting
w.r.t.  . If P A Ž F ., then there is a set F  F A Ž F . which is a countableu u u
intersection of open eerywhere dense sets in A Ž F . and if P A Ž F ., then thereu ne
is a set F  F  A Ž F . which is a countable intersection of open eerywherene u ne
dense sets in A Ž F ..ne
Proof. We recall our assumption that  F. For each natural number
P  .  n there exists an increasing function  : 0,  0, 1 such thatn
 P t  0, t 0, ,  P 0  0, 4.1Ž . Ž . Ž . Ž .n n
and
 x ,    Px ,    P  x , F 4.2Ž . Ž . Ž . Ž .Ž .n
Ž .for each x B  , n  F.
Ž F . Ž . Ž F .Let A A and  0, 1 . Define A  A by
A x 1  Ax
 Px for all x K . 4.3Ž . Ž .
Ž . Ž . Ž .Let n 1 be an integer. By 4.3 and 4.2 , for each x B  , n  F,
 A x ,    1  Ax
 Px , Ž .Ž .Ž .
	 1   Ax ,    Px , Ž . Ž . Ž .
	 1   x ,     x ,    P  x , FŽ . Ž . Ž . Ž .Ž .Ž .n
  x ,    P  x , F . 4.4Ž . Ž . Ž .Ž .n
 Ž F . Ž .4 Ž F .Clearly the set A : A A ,  0, 1 is everywhere dense in A .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Ž F . Ž .Let A A ,  0, 1 , and let i 1 be an integer. Choose an open
Ž . Ž F .neighborhood U A,  , i of A in A such that
U A ,  , i  C A Ž F . : C , A  E 2 i , 81 Pi 8i 4.5Ž . Ž . Ž .Ž . 4Ž . 2
Ž Ž ..see 1.3 . We will show that the following property holds:
Ž .Q If
CU A ,  , i , x B  , 2 i  F ,  x , F  8i , 4.6Ž . Ž . Ž . Ž .
then
 x ,    Cx ,   21 Pi  x , F . 4.7Ž . Ž . Ž . Ž .Ž .2
Ž . Ž . Ž . Ž .Assume that 4.6 is valid. Then by 4.6 , 4.5 , and 4.4 ,
 x ,    Cx ,    x ,    A x ,   81 Pi 8iŽ . Ž . Ž . Ž .Ž . 2
  Pi  x , F  81 Pi 8iŽ . Ž .Ž .2 2
 21 Pi  x , F .Ž .Ž .2
Ž .Thus we have shown that property Q holds. Define

Ž F .F  U A ,  , i : A A ,  0, 1 , i q . 4Ž . Ž .
q1
Clearly F is a countable intersection of open everywhere dense sets in
A Ž F ..
Ž . Ž .We will show that any C F is F -attracting w.r.t.  . Let  0, 1
Ž .and r 0. It is sufficient to show that there exists a number  0, 1
such that
 x ,    Cx ,   Ž . Ž .
Ž . Ž .for each x B  , r  F satisfying  x, F   . Choose a natural number
q such that
2 q  8 r and 2q  81 .
Ž F . Ž .There exist A A ,  0, 1 , and an integer i q such that C
Ž . Ž .U A,  , i . By property Q , for each
x B  , r  F B  , 2 i  FŽ . Ž .
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Ž . isatisfying  x, F   8 , the following inequality holds:
 x ,    Cx ,   21 Pi  x , F  21 Pi  .Ž . Ž . Ž . Ž .Ž .2 2
Ž .Thus C is F -attracting w.r.t  . Therefore we have shown that each
Ž .C F is F -attracting w.r.t.  .
Ž F .  Ž F . Ž .4Assume that P A . Then A : A A ,  0, 1 is an every-u  u
where dense set in A Ž F .. Defineu

Ž F . Ž F .F   U A ,  , i : A A ,  0, 1 , i q  A .Ž . Ž . 4u u u
q1
Clearly F  F A Ž F . and F is a countable intersection of open every-u u u
where dense sets in A Ž F ..u
Ž F .  Ž F . Ž .4Assume that P A . Then the set A : A A ,  0, 1 is every-ne  ne
where dense in A Ž F .. Definene

Ž F . Ž F .F   U A ,  , i : A A ,  0, 1 , i q  A .Ž . Ž . 4ne ne ne
q1
Clearly F  F  A Ž F . and F is a countable intersection of openne u ne ne
everywhere dense sets in A Ž F .. Theorem 4.1 is proved.ne
5. CONVERGENCE OF INFINITE
PRODUCTS OF MAPPINGS
THEOREM 5.1. Let F K be nonempty, closed, and -conex, and let
 4 Ž F .  4 F and A  A . Assume that there exists a subsequence Ai i1 i p1p
Ž . Ž F .which is uniformly F -attracting w.r.t.  . Then there is C A such that
A 	 			 	 A x Cx as n  uniformly on bounded subsets of K 5.1Ž .n 1
Ž .  4 Ž F . Ž F .  4and C K  F. Moreoer, if A  A , then C A and if Ai i1 u u i i1
 A Ž F ., then C A Ž F ..ne ne
Proof. We recall our assumption that  F. We may assume that
Ž .i  4. Let r 0 and  0, 1 . There exists an increasing function1
 .   : 0,  0, 1 such that
 t  0, t 0, ,  0  0 5.2Ž . Ž . Ž . Ž .
and
 x ,    A x , y    x , F 5.3Ž . Ž . Ž .Ž .Ž .i p
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Ž .for each x B  , r  F and each integer p 1. Choose a natural num-
ber m 4 such that
m   2 r   ,  . 5.4Ž . Ž . Ž .
Ž .Let x B  , r . We will show that
 A 	 			 	 A x , F 	  for all integers n i . 5.5Ž . Ž .n 1 m
Ž .It is sufficient to show that  A 	 			 	 A x, F   for some integerj 0
  Ž .i 0, i here A x x for all x K . Assume the contrary. Then form 0
  Ž . Ž . Ž .each integer j 0, i ,  A 	 			 	 A x, F   , and by 5.3 , 5.2 , andm j 0
Ž .1.5 for all integers p 1, . . . , m,
 A 	 			 	 A x ,  	  A 	 			 	 A x , Ž . Ž .i 1 i 1 1p p
   A 	 			 	 A x , FŽ .ž /i 1 1p
	  A 	 			 	 A x ,     .Ž .Ž .i 1 1p
Therefore
 x ,    A 	 			 	 A x , Ž . Ž .i 1m
m
  A 	 			 	 A x ,    A 	 			 	 A x ,  m  .Ž .Ž . Ž .Ý i 1 1 i 1p p
p1
Ž .Combined with 5.4 , this inequality implies that
 A 	 			 	 A x ,  	  x ,  m  	 r   ,  m   0.Ž . Ž . Ž . Ž .Ž .i 1m
Ž . Ž .This contradiction proves 5.5 . Thus for each x B  , r there exists
Sx F such that
 A 	 			 	 A x , Sx 	 2 .Ž .i 1m
This implies, in turns, that
 A 	 			 	 A x , Sx 	 2 for all x B  , r and all integers n i .Ž . Ž .n 1 m
5.6Ž .
Since r is an arbitrary positive number and  is an arbitrary number in the
Ž .  4interval 0, 1 we conclude that for each x K , A 	 			 	 A x is ai 1 i1
Cauchy sequence and therefore there exists
Cx lim A 	 			 	 A x , x K . 5.7Ž .i 1
i
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Ž . Ž . Ž . Ž .Now we note that 5.6 and 5.7 imply that for all x B  , r ,  Cx, Sx
	 2 and
 A 	 			 	 A x , Cx 	 4 for all integers j i .Ž .j 1 m
Since r is an arbitrary positive number and  is an arbitrary number in
Ž . Ž . Ž . Ž .0, 1 we conclude that 5.1 is true and C K  F. Moreover, 5.1 implies
Ž F . Ž . Ž F .  4that C A . Furthermore, 5.1 implies that C A if A  Au i i1 u
Ž F .  4and that C A if A  A . This completes the proof of Theoremne i i1 ne
5.1.
COROLLARY 5.1. Let F K be nonempty, closed, and -conex,  F
Ž F . Ž .  4 Ž F .and let A A be F -attracting w.r.t.  . Assume that A  A andi i1
 4there exists a subsequence A such that A  A for all integers p 1.i p1 ip p
Then the conclusions of Theorem 5.1 are true.
In the following two theorems we assume that n is a natural number, F ,i
i 1, . . . , n, are nonempty closed -convex subsets of K such that F
n F , and the regularity property holds. Let  F.i1 i
Ž Fi. Ž .THEOREM 5.2. Let B  A be F -attracting w.r.t.  , i 1, . . . , n,i i
Ž 1 . 0, n and
n
M   B 
 			
  B :   , i 1, . . . , n and   1 .Ýc 1 1 n n i i½ 5
i1
 4 Ž F .  4Assume that A  A and that there exists a subsequence of Ai i1 i i1
contained in M . Then the conclusions of Theorem 5.1 are true.c
This result follows from Theorems 5.1 and 3.1. Our next result is a
consequence of Theorems 5.1 and 3.2.
Ž Fi. Ž .THEOREM 5.3. Let B  A be F -attracting w.r.t.  , i 1, . . . , n,i i
 4 Ž F .and let N n be an integer. Assume that A  A and that there existsi i1
 4a subsequence A such thati k1k
 4A , . . . , A  B , . . . , B , k 1, 2, . . . . 4i i N1 1 nk k
Then the conclusions of Theorem 5.1 are true.
6. EXTENSIONS
Let F be a nonempty closed -convex subset of K.
Ž F . Ž .A set of mappings M A is called uniformly F -attracting if for
 .each natural number n there exists an increasing function  : 0, n
 0, 1 such that
 t  0, t 0, ,  0  0Ž . Ž . Ž .n n
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and
 x , y   Ax , y    x , FŽ . Ž . Ž .Ž .n
Ž . Ž .for each x B  , n  F, each y B  , n  F, and each A M. Clearly
Ž .this definition of a uniformly F -attracting set of mappings does not
depend on our choice of  . It is easy to see that if a set M A Ž F . is
Ž . Ž .uniformly F -attracting, then M is also uniformly F -attracting w.r.t. 
for any  F.
Ž F . Ž .  4A mapping A A is called F -attracting if the singleton A is
Ž .uniformly F -attracting.
Ž .    For examples of F -attracting mappings see 1 and 2, p. 373 .
Analogously to Proposition 2.2 we can prove the following result.
Ž . Ž F . Ž .PROPOSITION 6.1. Let  0, 1 , A, B A , and let A be F -attract-
Ž . Ž .ing. Then BA and A
 1  B are also F -attracting.
In the following Theorems 6.1 and 6.2 we assume that n is a natural
number, F , i 1, . . . , n, are nonempty closed -convex subsets of K suchi
n Žthat F F , and the regularity property defined at the begin-i1 i
.ning of Section 3 holds.
Ž Fi. Ž .THEOREM 6.1. Assume that A  A is F -attracting, i 1, . . . , n,i i
Ž 1 .and  0, n . Then the set
n
M   A 
 			
  A :   , i 1, . . . , n and   1Ýc 1 1 n n i i½ 5
i1
Ž .is uniformly F -attracting.
Ž Fi. Ž .THEOREM 6.2. Assume that A  A is F -attracting, i 1, . . . , n,i i
and let N n be an integer. Then the set
M  A 	 			 	 A : r is a surjectie mapping fromp r Ž N . r Ž1.
 4  41, . . . , N onto 1, . . . , n 4
Ž .is uniformly F -attracting.
Theorems 6.1 and 6.2 are proved analogously to Theorems 3.1 and 3.2,
respectively.
Analogously to Theorem 4.1 we can also establish the following result.
THEOREM 6.3. Let F be a nonempty closed -conex subset of K and let
Ž F . Ž . Ž F .P A be F -attracting. Then there exists a set F A which is a
countable intersection of open eerywhere dense sets in A Ž F . such that each
Ž . Ž F . Ž F .A F is F -attracting. If P A , then there is a set F  F A whichu u u
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is a countable intersection of open eerywhere dense sets in A Ž F . and ifu
P A Ž F ., then there is a set F  F  A Ž F . which is a countable intersectionne ne u ne
of open eerywhere dense sets in A Ž F ..ne
7. AN EXAMPLE
Ž  . pŽ .  Let X, 	 be the space L 0, 1 where p 1 and let e , e  0, 1 be1 2
two measurable sets such that
 e  e , e  e  0, 1 .1 2 1 2
Set
F f L p 0, 1 : f t  0, t e a.e. . 4Ž . Ž . 2
Consider a mapping A: X F where
Af t  f t , t e a.e., and Af t  0, t e a.e.Ž . Ž . Ž .1 2
Ž .Clearly the mapping A is nonexpansive, Af f for all f F, and A X
 F. It is easy to see that for each x XF,
1p
1 p    4 x , F  inf x y : y F  inf x t  y t dt : y FŽ . Ž . Ž .H½ 5ž /0
1p
p p    inf x t  y t dt x t dt : y FŽ . Ž . Ž .H H½ 5ž /e e1 2
1p
p  x t dt . 7.1Ž . Ž .Hž /e2
Ž .We will show that the mapping A is F -attracting.
Ž .Set  0. Let n 1 be an integer and  0, 1 . To show that A is
Ž .F -attracting it is sufficient to show that there exists  0 such that
   x y  Ax y  
for each y B 0, n  F and eachŽ .
x B 0, n  F satisfying  x , F   . 7.2Ž . Ž . Ž .
Assume that
x B 0, n  F ,  x , F   , and y B 0, n  F . 7.3Ž . Ž . Ž . Ž .
It is easy to verify that
   x y , x y 	 2n
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and
   x y  Ax y
1p1p
1 p p    x t  y t dt  x t  y t dtŽ . Ž . Ž . Ž .H Hž / ž /0 e1
1p
p p    x t  y t dt x t dtŽ . Ž . Ž .H Hž /e e1 2
1p
p  x t  y t dt . 7.4Ž . Ž . Ž .Hž /e1
Set
  p   pa x t  y t dt and b x t dt .Ž . Ž . Ž .H H
e e1 2
Ž . p Ž . Ž . pClearly, a, b	 a b	 2n . By 7.1 and 7.3 , b  . It follows from
Ž . Ž . 1 p7.4 and the mean value theorem applied to  t  t , t 0, that
1p 1 p 1 p1   x y  Ax y  a b  a  bp c ,Ž . Ž .
 where c a, a b . This implies that
1p1 1pp p   x y  Ax y   p a b   p 2n .Ž . Ž . Ž . Ž .
Ž . Ž p .Ž .1p Ž .Therefore 7.2 holds with   p 2n and A is F -attracting, as
claimed.
8. CONVERGENCE OF RANDOM INFINITE PRODUCTS
Let n be a natural number and let F , i 1, . . . , n, be nonempty closedi
-convex subsets of K with a nonempty intersection Fn F . Assumei1 i
 that the following innate regularity property holds 1, p. 1367 : Each finite
 4subset of F , . . . , F has the regularity property defined at the beginning1 n
of Section 3.
Ž Fi. Ž .THEOREM 8.1. Let  F and assume that A  A is F -attractingi i
 4  4w.r.t.  , i 1, . . . , n. Let r : 1, 2, . . .  1, . . . , n be a surjectie mapping.
 4Then for each x K the sequence x defined byi i0
x  x , x  A x for all n 00 n1 r Žn. n
conerges to some point in F.
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 This result was established in 1 in the case where X is a Hilbert space.
It turns out that the same proof works for any hyperbolic complete metric
 space. This provides a partial answer to a question raised in 10 .
ACKNOWLEDGMENTS
The work of the first author was partially supported by the Israel Science Foundation
founded by the Israel Academy of Sciences and Humanities, by the Fund for the Promotion
of Research at the Technion, and by the Technion VPR FundE. and M. Mendelson
Research Fund.
REFERENCES
1. H. H. Bauschke, A norm convergence result on random products of relaxed projections in
Ž .Hilbert space, Trans. Amer. Math. Soc. 347 1995 , 13651373.
2. H. H. Bauschke and J. M. Borwein, On projection algorithms for solving convex
Ž .feasibility problems, SIAM Re. 38 1996 , 367426.
3. H. H. Bauschke, J. M. Borwein, and A. S. Lewis, The method of cyclic projections for
closed convex sets in Hilbert space, in ‘‘Recent Developments in Optimization Theory
and Nonlinear Analysis,’’ Contemporary Mathematics, Vol. 204, pp. 138, Amer. Math.
Soc., Providence, 1997.
4. R. E. Bruck and S. Reich, Nonexpansive projections and resolvents of accretive operators
Ž .in Banach spaces, Houston J. Math. 3 1977 , 459470.
5. J. Dye and S. Reich, Random products of nonexpansive mappings, in ‘‘Optimization and
Nonlinear Analysis,’’ Pitman Research Notes in Mathematics Series, Vol. 244, pp.
106118, Longman, Harlow, 1992.
6. K. Goebel and W. A. Kirk, Iteration processes for nonexpansive mapping, in ‘‘Topologi-
cal Methods in Nonlinear Functional Analysis,’’ Contemporary Mathematics, Vol. 21, pp.
115123, Amer. Math. Soc., Providence, 1983.
7. K. Goebel and W. A. Kirk, ‘‘Topics in Metric Fixed Point Theory,’’ Cambridge Univ.
Press, Cambridge, UK, 1990.
8. K. Goebel and S. Reich, ‘‘Uniform Convexity, Hyperbolic Geometry, and Nonexpansive
Mappings,’’ Dekker, New YorkBasel, 1984.
9. W. A. Kirk, Krasnosel’skii iteration process in hyperbolic space, Numer. Funct. Anal.
Ž .Optim. 4 1982 , 371381.
10. S. Reich, The alternating algorithm for von Neumann in the Hilbert ball, Dynam. Systems
Ž .Appl. 2 1993 , 2126.
11. S. Reich and I. Shafrir, Nonexpansive iterations in hyperbolic spaces, Nonlinear Anal. 15
Ž .1990 , 537558.
